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Imaginary Entanglement as Cost of Unitarity
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National Shevhenko University of Kyiv, Theoretial Physis Department
This report is about ontradition between fidelity needed to determine the entan-
glement and onomitant noise that always aompanies preise measurement.
Aount of quantum properties of field leads to additional noise aused by multiple
partile reation through nonunitarity of quantum field representation in embedded
setions of spae (Unruh noise).
Causes of quantum noise vanish at leaving off assumption about statistial inde-
pendene of detetors. Smearing of detetor leads to elimination of auses of Unruh
noise and to emergene of imaginary entanglement of few mode states aused by
overlap of detetor setions.
1. INTRODUCTION
Progress in reation of essentially quan-
tum states of eletromagneti field (entangled
states of few photons) leads to need in anal-
ysis of physial meaning of the basi onept
of quantum physis - onept of probability
distribution of partile registration [1, 2℄ by
several plaed near eah other detetors.
Well known mathematial sheme of de-
termination of probability distribution deals
with probabilities of detetion of partiles in
the sequene of embedded setions (Rokhlin
sheme) in impliit assumption that dete-
tors are statistially independent. One ex-
pets that at derease of the size of detetor
ount dereases proportionally. The onstant
*
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of proportionality is taken as probability den-
sity (probability per size).
Aount of quantum properties of field
leads to additional noise [9℄ aused by mul-
tiple partile reation [3, 4℄ through nonuni-
tarity of quantum field representation in em-
bedded setions of spae [5℄ (Unruh noise).
Causes of quantum noise vanish at leaving
off assumption about statistial independene
of detetors. Smearing of detetor leads to
elimination of auses of Unruh noise and to
emergene of imaginary entanglement of few
mode states aused by overlap of detetor se-
tions.
This report is about ontradition between
fidelity needed to determine the entangle-
ment and onomitant noise that always a-
ompanies preise measurement.
2Speifi objets in the study of entangle-
ment of states are pairs of polarized photons
(bi-photons espeially) and eletrons with op-
posite spins.
Typial proedure of study of entangle-
ment is in onsideration of entangled eletron
pair moving to pair of spin state detetors.
There exists some probability for the state
"UP-Down" and some probability for the op-
posite state.
Identity of partiles is one more reason for
entanglement. The proess in whih the up-
per partile is registered by down detetor
and vie versa is idential to proess in whih
eah partile falls to its own detetor.
2. ENTANGLEMENT IN
MEASUREMENT FOR TWO PARTS
Mathematial model is based on the study
of the density matrix properties.
Mathematial model of the measuring
unit is expansion of unity forming posi-
tive operator-valued measure in the spae of
states of the system. The devie measuring
the states of the first sub-system does not de-
tet the state differene of the seond one,
and vie versa.
MA =M
(a) ⊗ 1(b) MB = 1(a) ⊗M (b)
M (a)
[
ρˆ
(a)
1
]
=Ma1 M
(b)
[
ρˆ
(b)
1
]
=Mb1
M (a)
[
ρˆ
(a)
2
]
=Ma2 M
(b)
[
ρˆ
(b)
2
]
=Mb2
2.1. Independent parts
The system onsisting of independent
parts has as density matrix diret produt of
density matries of separate parts
ρˆ(a+b) =
(
paρˆ
(a)
1 + (1− pa) ρˆ(a)2
)
⊗
(
pbρˆ
(b)
1 + (1− pb) ρˆ(b)2
)
.
As the result, reation of the devie on the
system onsisting of independent parts is
equal to the reation on its own sub-system.
Probability of registration of some state of
the system is equal to the produt of probabil-
ities for respetive states of the sub-systems
P (a1) = pa, P (a2) = (1− pa), P (b1) = pb,
P (b2) = (1− pb).
P (a1&b1) = papb;
P (a2&b1) = (1− pa) pb;
P (a1&b2) = pa (1− pb) ;
P (a2&b2) = (1− pa) (1− pb) ;
P (ak&bm) = P (ak)P (bm) .
2.2. Entangled state
Entangled states are haraterized by den-
sity matrix being unreduible mixture of the
produts of sub-system states
ρˆ(a+b) = pρˆ
(a)
1a ⊗ ρˆ(b)1b + (1− p) ρˆ(a)2a ⊗ ρˆ(b)2b (1)
Probability of registration of some state
of one sub-system essentially depends on the
result of measurement for another one, and
joint probability distribution is different from
3produt of probability distributions for eah
of the sub-systems
P (a1&b1) = p 6= P (a1)P (b1) ;
P (a2&b1) = 0 6= P (a2)P (b1) ;
P (a1&b2) = 0 6= P (a1)P (b2) ;
P (a2&b2) = (1− p) 6= P (a2)P (b2) ,
and mutual probapilities are
P (a1|b1) = 1; P (a2|b1) = 0;
P (a1|b2) = 0; P (a2|b2) = 1.
3. STATE DISCRIMINATION
Detetion area is divided between oun-
ters. It is supposed that eah ounter reg-
isters one of the possible states of the sys-
tem, and there exists one-to-one orrespon-
dene between the ounters and the states.
Deviations from suh orrespondene are
taken as noise.
3.1. Event spae bisetion
Definition of probability density is on-
struted through sequene of bisetions of
spae of events (Rokhlin sheme).
Probability distribution on the event
spae, aording to axiomatis of probabil-
ity theory, is realized through proeeding to
limit in the sequene of bisetions of the event
spae. The initial element of the sequene is
the reliability partition  the subset of the
event spae for whih probability of any out-
side event is equal to zero. It is supposed that
suh area has finite measure.
Bisetion of the event spae is aompa-
nied by adjustment of the methods for de-
sription of the states of the partiles being
deteted.
Eah setion of event spae has its own set
of states loalized in that setion.
Now we onsider ommon oordinate
spae as event spae. Desription of partiles
in eah setion is performed here by means of
a set of wave funtions loalized in respetive
setion.
3.2. Quantum eld on setion
In the graph (1) typial setion of length
2L is shown, and expression for the spatial
mode with quantum number m is φm (x, t) =
1√
L
e(ipmx−iε(pm)t) where pm = pimL and ε (p) ≡
εp =
√
µ2 + p2. Quantum field following
Fermi statistis is onvenient beause of lim-
ited number of partiles in eah mode.
ψˆ (x, t) =
∑∞
m=−∞
(
u
(+)
pm φm (x, t) aˆm + u
(−)
pm φ
∗
m (x, t) bˆ
+
m
)
(2)
The spinors
u(+)p =


ε+µ√
2ε(ε+µ)
p√
2ε(ε+µ)

 ; u(−)p =


−p√
2ε(ε+µ)
ε+µ√
2ε(ε+µ)

 ,
4desribe separation of states to positive-
frequeny and negative-frequeny ones.
Hamiltonian of the field is
Hˆ =
∞∑
m=−∞
~ε (pm)
(
aˆ+mcˆm + dˆ
+
mbˆm
)
Operators aˆm, aˆ
+
m generate Heisenberg-Weil
algebra for partile modes and bˆm, bˆ
+
m for an-
tipartile ones.
3.3. Quantum eld on biseted bases
Bisetion of the initial setion of length 2L
into two parts requires onstrution of addi-
tional representation of quantum field in eah
of the subsetions. Wave funtions for the
left subsetion are shown in the graph (1).
Derease of length leads to re-definition
of the sequenes of momenta for eah
of the modes. The new sequene is
{
qm =
2pim
L
: m ∈ Z}.
Representation in left subsetion is given
by expansion of quantum field
ψˆ (x, t) =
∑∞
m=−∞
(
u
(+)
qm φm,left (x, t) cˆm
+u
(−)
qm φ
∗
m,left (x, t) dˆ
+
m
)
(3)
Heisenberg-Weil algebra for that representa-
tion is generated by operators cˆm, cˆ
+
m and dˆm,
dˆ+m.
Hˆ =
∞∑
m=−∞
~ε (qm)
(
cˆ+mcˆm + dˆ
+
mdˆm
)
Bisetion leads to one more representation
assoiated to the right subsetion.
ψˆ (x, t) =
∑∞
m=−∞
(
u
(+)
qm φm,right (x, t) fˆm
+u
(−)
qm φ
∗
m,right (x, t) gˆ
+
m
)
(4)
Heisenberg-Weil algebra for that representa-
tion is generated by third set of operators fˆm,
fˆ+m and gˆm, gˆ
+
m.
Hˆ =
∞∑
m=−∞
~ε (qm)
(
fˆ+m fˆm + gˆ
+
mgˆm
)
3.4. Bogolubov transform
The operators of reation and annihilation
have hanged along with pereption of parti-
les and antipartiles.
Inverse Fourier transform for subsetion
bases
cˆm =
〈
u
(+)
pm φm,left (x, t) | ψˆ (x, t)
〉
;
dˆm =
〈
u
(−)
pm φm,left (x, t) | ψˆ+ (x, t)
〉
fˆm =
〈
u
(+)
pm φm,right (x, t) | ψˆ (x, t)
〉
;
gˆm =
〈
u
(−)
pm φm,right (x, t) | ψˆ+ (x, t)
〉
and diret Fourier transform for setion basis
(2) produe interdependene between opera-
tors of reation and annihilation
cˆm =
∑∞
n=−∞
(
αm,naˆn + β
∗
m,nbˆ
+
n
)
;
dˆm =
∑∞
n=−∞
(
−β∗m,naˆ+n + αm,nbˆn
)
;
fˆm =
∑∞
n=−∞
(
αm,naˆn + β
∗
m,nbˆ
+
n
)
;
gˆm =
∑∞
n=−∞
(
−β∗m,naˆ+n + αm,nbˆn
)
(5)
One of good effets of bisetion is in al-
most omplete oinidene of the Bogolubov
5transform oeffiients for the left and right
subsetions
αm,k =
1√
2
δ2m,k − i√2pi
∑∞
n=−∞An,m,kδ2n+1,k;
βm,k = Wmδ−2m,k − i√2pi
∑∞
n=−∞Bn,m,kδ2n+1,k;
An,m,k =
(ε(pk)+µ)(ε(qm)+µ)+pkqm
2
√
ε(pk)ε(qm)(ε(pk)+µ)(ε(qm)+µ)
ei(ε(qm)−ε(pk))t
n−m+1/2 ;
Bn,m,k =
pk(ε(qm)+µ)−qm(ε(pk)+µ)
2
√
ε(pk)ε(qm)(ε(pk)+µ)(ε(qm)+µ)
e−i(ε(qm)+ε(pk))t
n+m+1/2
;
Wm =
qme−2iε(qm)t√
2ε(qm)
.
4. FERMI PARTICLE CREATION
Vauum state |0〉 for setion basis aˆm |0〉 =
0, bˆm |0〉 = 0 an not be vauum for subse-
tion basis sine cˆm |0〉 =
∑
βm,nb
+
n |0〉 6= 0.
Entanglement of the modes of partiles
and antipartiles leads to unitary nonequiva-
lene of the representations under onsidera-
tion. The state being vauum with respet to
all the annihilation operators of the setion is
not vauum with respet to the operators of
the left subsetion. As the result the vauum
average of the partile or antipartile number
of eah mode of the subsetion is non-zero.
〈nˆk〉 =
〈
0
∣∣cˆ+k cˆk
∣∣ 0〉 =
〈
0
∣∣∣dˆ+k dˆk
∣∣∣ 0
〉
=
〈
0
∣∣∣fˆ+k fˆk
∣∣∣ 0
〉
=
〈
0
∣∣gˆ+k gˆk
∣∣ 0〉
=
∑∞
n=−∞ |βn,k|2
(6)
The graph (2) shows the dependene of the
filling numbers on the mode number. Spe-
ifi parameter is here the ratio of the lin-
ear dimension of the setion to the Compton
wavelength. With derease of this ratio the
graph goes up near origin more abruptly and
more quikly omes to saturation value 0.5.
Saturation value orresponds to our notion
about total stohastiity of the phenomenon.
4.1. Correlation of Noise
Sine the vauum state of initial setion is
a pure state, stohastiity of mode filling in
subsetion representations makes evidene of
orrelation between noises. The most inter-
esting orrelation is orrelation between fill-
ing numbers for the modes of the left and the
right subsetions.
Dc,k;f,m =
〈
0
∣∣∣cˆ+k cˆkfˆ+mfˆm
∣∣∣ 0
〉
− 〈0 ∣∣cˆ+k cˆk
∣∣ 0〉
〈
0
∣∣∣fˆ+mfˆm
∣∣∣ 0
〉
=
∑∞
l=−∞ βl,kβ
∗
l,m
∑∞
n=−∞ αn,mα
∗
n,k
(7)
Correlation funtion is substantially non-
zero for oiniding mode numbers only
Dc,m;f,n ≈ δm,nDn and omes to values or-
responding to almost total orrelation be-
tween the modes of the subsetions shown by
graph(3).
So, the states of the partiles in the left
and the right subsetions are entangled.
Unitary non-equivalene of representa-
tions in subsetions results from restrition
of wave pakets.
64.2. Overlap of bases
Alternative version is in field desription
by means of sets of states with inomplete lo-
alization. Eah suh state has a respetive
wave paket with well-defined average val-
ues of oordinate and momentum, and eah
set of states with equal average values gives
quantum field representation assoiated with
a given point of phase spae, representations
are distributed over the whole phase spae.
As suh a set we use a set of osillator states
ϕα (p) =
1√
σ
√
2pi
exp
(
− (p−pα)2
4σ2
− ipxα
)
ϕα,n (p) =
(σ ddp+
p
2σ
−σxα+i pα2σ )
n
√
n!
ϕα (p)
(8)
Here α = σxα + ipα/2σ, and overlap of basis
funtions is given by
∫
ϕ∗β (p)ϕα (p) dp
= exp
(− |α− β|2 /2 + (α∗β − αβ∗) /2).
Wave funtions of field modes
φ
(±)
α,n (x, t)
=
∫
u
(±)
p ϕα,n (p) exp (ipx∓ iε (p) t) dp
give the set of representations of quantum
field assoiated to eah set of wave funtions
ψˆ (x, t) =
∑∞
n=−∞ φ
(+)
α,n (x, t) aˆα,n + φ
(−)
α,n (x, t) bˆ+α,n
(9)
Communiation relations are anonial in
eah representation
{
aˆα,naˆ
+
α,m
}
=
{
bˆα,nbˆ
+
α,m
}
= δn,m
and non-anonial for operators attributed to
different points of phase spae. For example
{
aˆα,0aˆ
+
β,0
}
= exp
(− |α− β|2 /2 + (α∗β − αβ∗) /2)
All representations have ommon vauum
state aˆm |0〉 = 0 and bˆn |0〉 = 0 for all n.
Transforms between representations do not
entangle the reation and annihilation opera-
tors, thus the vauum state is ommon for all
the representations  it is not needed here to
distinguish between the representations, and
there is no vauum noise.
One-partile state |0, 10〉 = aˆ+0,0 |0〉 in the
origin α = 0 is not one-partial state out of
the origin
Pβ,0 (1) =
〈
0, 10
∣∣aˆ+β,0aˆβ,0
∣∣ 0, 10
〉
= e−|β|
2
,
and for two-partile state |0, 10, 11〉 =
aˆ+0,0aˆ
+
0,1 |0〉 probability of registration
Pβ,0 (1) =
(
1 + |β|2) e−|β|2 ,
depends on distane from the origin as it is
shown in graph (4).
Probability of joint registration of two
partiles is haraterized by orrelation fun-
tion
C (α, β) =
〈
11, 10
∣∣aˆ+β,0aˆβ,0aˆ+α,0aˆα,0
∣∣ 11, 10
〉
− 〈11, 10
∣∣aˆ+β,0aˆβ,0
∣∣ 11, 10
〉
· 〈11, 10
∣∣aˆ+α,0aˆα,0
∣∣ 11, 10
〉
(10)
shown in the following graph (5).
7The reason of orrelation at registration of
partiles in given state is in not enough orre-
spondene of detetors simulated by partile
number operators to the state. In the ase of
omplete orrespondene (the origin) there is
no orrelation.
5. SUMMARY
Imaginarity of entanglement an be
aused by one of the next reasons:
• Standard sheme of probability defini-
tion leads to the imaginarity of entan-
glement beause of restrition of wave
pakets;
• Inomplete loalization leads to imagi-
narity of entanglement beause of the
not enough orrespondene between
states and detetors.
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Figure 1. Wave funtions
on a setion and its subsetions.
Wave funtion of whole setion
φcommon and the same of sub-
setions - φleft whih vanishes
on right subsetion and φright -
vanishes on left one are shown.
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Figure 2. Partile reation
as bisetion result. Average
value of partile number ver-
sus mode number. Parameter
mL is equal to the ratio of
the linear dimension of the se-
tion to the Compton wavelength.
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Figure 3. Correlation fun-
tion between filling numbers
for the modes of the left
and the right subsetions.
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Figure 4. Probability of par-
tile registration versus distane
from position of state. Two-
partile state looks more exten-
sive then the one-partile one.
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Figure 5. Correlation funtion of
joint registration of two partiles for two-
partile state. It depends from distanes a
and b between detetors and state origin.
